Investigation of the light produced by a 2mm length PPTKP crystal be spontaneous parametric down-conversion by Noordman, Marc Paul
Investigation of the light produced
by a 2 mm length PPTKP crystal by
spontaneous parametric
down-conversion
THESIS
submitted in partial fulfillment of the
requirements for the degree of
BACHELOR OF SCIENCE
in
PHYSICS
Author : Marc Paul Noordman
Student ID : 1133624
Supervisor : M.J.A. de Dood
2nd corrector : M.P. van Exter
Leiden, The Netherlands, July 2015

Investigation of the light produced
by a 2 mm length PPTKP crystal by
spontaneous parametric
down-conversion
Marc Paul Noordman
Huygens-Kamerlingh Onnes Laboratory, Leiden University
P.O. Box 9500, 2300 RA Leiden, The Netherlands
July 2015
Abstract
One of the most commonly used methods of creating entangled
photon states is by means of parametric down-conversion, and it
is therefore of interest to thoroughly understand the light
produced by this process. In this thesis, we investigate the
far-field distribution of SPDC photons produced by a 2 mm long
periodically pooled potassium titanyl phosphate (PPKTP) crystal,
at various crystal temperatures. We look both at the distribution
itself and at the spatial correlations between the produced
photons. Also, we present a novel way of approximating the
theoretical far-field intensity which facilitates fitting the model to
the data. Aggregating the data obtained over 81 experiments, we
find that the phase matching angle ϕ of the crystal under
consideration is given by ϕ(T) ≈ 0.4 ◦C−1 · (T − 56 ◦C). Also, we
find correlations between photon momenta indicating the
presence of spatially entangled photon pairs as well as higher
photon tuples.
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Chapter1
Introduction
In the classical theory of electromagnetism, light consists of waves in the
electromagnetic field, propagating with the speed of light in a way con-
sistent with the laws of Maxwell. Within this framework, all fields are
classical, and therefore take on continuous values. While this model is
sufficient for many applications, it does not account for all physical phe-
nomena associated with light. Historically, its failure to explain the pho-
toelectric effect, and the emergence of quantum theories during the start
of the previous centuries, have lead to the developement of the theory of
quantum electrodynamics. Within this theory, the electromagnetic fields
are no longer contiuous, but are instead quantized. The quanta of the
fields are known as photons, and can be interpreted as bosonic particles
acting as the building blocks of light.
In quantum mechanics, if some particle P1 is in state |ψ〉, and another
particle P2 is in state |ϕ〉, then the system of these particles together is
given by their tensor product |ψ〉|ϕ〉. However, it is not generally the case
that any two-particle state is the tensor porduct of two one-particle states.
When the combined state of two or more particles is the tensor product
of individual one-product states, the state is called (completely) separable,
otherwise it is called entangled.
If two or more photons are in an entangled state, then properties of
one photon will be correlated with properties of the other photons. There-
fore, measurement on one of these photons will influence the outcomes of
measurements on the other photons. This correlation is one of the main
reasons for the current interest in these entangled states. A good under-
standing and control of entangled states is expected to lead to new appli-
cations such as quantum encryption and quantum computing.
In our experiments, we created photon pairs that are entangled in their
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spatial degrees of freedom. The photons have the same spin and energy,
and are indistinguishable in all properties except their directions. The pro-
cess we use to create these photon pairs is called stimulated parametric
down-conversion (SPDC), and is the subject of the second chapter of this
thesis. This process is one of the most commonly used methods to cre-
ate entangled states of light, and it is therefore of interest to thoroughly
understand the light produced by this process.
In this thesis, we investigate the far-field distribution of SPDC light
produced by a 2 mm long periodically pooled potassium titanyl phos-
phate (PPKTP) crystal, at various crystal temperatures. We repeated some
of the experiments of C. Yorulmaz (see [1]) with an alternative experi-
mental set-up. We look both at the distribution itself and at the spatial
correlations between the produced photons. Also, we present a novel
way of approximating the theoretical far-field intensity which facilitates
analysing the data and which gives a more direct way to estimate the
phase-matching angle ϕ from the observed far-field intensity distribution.
8
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Chapter2
Parametric down-conversion
In our experiments we create entangled photon states using a process
called parametric down-conversion. In this proces, a photon with wave vec-
tor kp (called the pump photon) is absorbed by a non-linear crystal, and
two photons (termed the idler and the signal photon for historical reasons)
with wave vectors ki and ks are emitted. In general, the polarization of
the resulting photons can either be identical, known as type I SPDC, or
perpendicular, known as type II SPDC. The experiments we perform are
of the first type. The generated waves and the pump waves need to be
in phase in order for the amplitudes to add up by constructive interfer-
ence. This phase-matching condition requires that kp = ki + ks, i.e. the
momentum of the pump photon equals the sum of momenta of the signal
and idler photons.
In our experiments, we are interested in the frequency-degenerate case,
where ωs ≈ ωi. If we assume that the pump photons propagate through
the crystal in the z-direction (as will be the case in our experiments), so
kp = kpzˆ, then we find that (ki)x = (ks)x and (ki)y = (ks)y. Meanwhile,
we also have (kp)z = (ki)z + (ks)z. In the frequency-degenerate case, this
forces (ki)z = (ks)z = (kp)z/2. From the above equations we see that
the directions of the idler and the signal photons are anti-correlated with
respect to the z-axis.
2.1 Phase matching
The efficiency of converting a pump photon with wave vector kp to pho-
tons with wave vectors ki and ks depends on the wave vector mismatch
∆k = kp − ki − ks. This mismatch is always directed in the z-direction,
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kp
ks
ki
Figure 2.1: Schematic representation of the physical process of parametric
down-conversion. A pump photon entering a non-linear crystal can undergo
parametric down-conversion, in which the original photon is distroyed and two
new photons (the so-called idler and signal photons) are created, satisfying
kp = ki + ks + ∆k.
since the translational symmetry of the crystal forces the perpendicular
momenta of the signal and idler photons to add up to zero.
The efficiency of the SPDC process is proportional to sinc2(∆kzL/2)[2],
where L is the crystal length. Therefore, most photon pairs that are created
will satisfy kp ≈ ki + ks, since the square of the sinc function is sharply
peaked around zero. If the photons satisfy kp = ki + ks, the photons are
called phase-matched.
We distinguish two form of phase matching: collinear and non-collinear.
In the first case, the signal and idler photons leave the crystal in the same
direction as the the pump photon entered. In the second case, the signal
and idler photons leave the crystal under an angle. Which of these cases
occurs depends amongst other things on the difference in the refractive
group indices of the crystal material at the frequencies ωp and ωi = ωs,
and therefore on the temperature of the crystal.
kp
ki ks
(a)
kp
ki ks
(b)
Figure 2.2: Phase matching condition. The pump photon with wave vector kp is
converted to an idler photon with wave vector ki and a signal photon with wave
vector ks. The phase-matched wave vectors satisfy the relation kp = ki + ks.
Figure (a) shows collinear phase matching, figure (b) shows non-collinear phase
matching.
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2.2 Intensity distribution
Suppose now that instead of a single pump photon, we use a perfect laser
beam with a large number of photons, all of them with the same wave vec-
tor kp, to pump the crystal. In general most of the pump photons will pass
the crystal unaffected, but a small fraction will undergo down-conversion.
This down-conversion will happen at various places in the crystal, re-
sulting in various signal and idler photons, interfering in various ways.
Again restricting to the frequency-degenerate case, a detailed calculation
shows that the resulting down-converted intensity at some distance from
the crystal satisfies [1, 2]
I(kxy) ∝ sinc2
(
L
kp
k2xy + ϕ
)
, (2.1)
where I(kxy) is the intensity of the down-converted light leaving the crys-
tal with orthogonal momentum equal to kxy =
√
k2x + k2y, L is the length of
the crystal, kp is the wave number of the pump photons in the crystal, and
ϕ is called the phase-matching angle.
It will be convenient to introduce the transverse angle qxy defined by
kxy = 12 kpqxy, which is the angle (in radians) corresponding to the forward
momentum 12 kp and transverse momentum kxy, in the limit where kxy 
kp. In terms of the transverse angle, we find that
I(qxy) ∝ sinc2
(
1
4
Lkpq2xy + ϕ
)
(2.2)
Clearly, the far-field distribution is symmetrical around the z-axis, and if
ϕ ≤ 0 it is peaked around
qmax =
√
4
kpL
|ϕ|. (2.3)
The far-field intensity distribution for various values of ϕ according to
equation 2.2 is depicted in figure 2.3, in the left column. For comparision,
the right column shows the distribution when the pump laser is pulsed
instead of continuous (see chapter 4).
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Figure 2.3: False color plots of the theoretical normalized far-field distribution of
the SPDC light from a 2mm PPKTP crystal (D = 1.5 ps/mm) at various values
of ϕ. The left column shows the light distribution in the case of a contiuous laser
pump (equation 2.2). The right column shows the situation of the pulsed pump
laser relevant to this thesis, for which σ = 1.1 rad/ps (see equation 4.2 and figure
4.3). (The apparent increase in total luminosity from left to right is due to the
normalisation.)
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Chapter3
Experiment
3.1 The set-up
The set-up we use for our experiments is shown in Fig. 3.1. We use a
pulsed Ti:sapphire laser with a wavelength of 826.4 nm. The laser pro-
duces pulses with a duration of 2 ps at a repetition rate of 80 MHz, i.e.
every 12.5 ns. The laser beam passes through a frequency doubler, creat-
ing pump photons at a wavelength of 413.2 nm. The laser beam is then
focussed by a positive lens ( f = 150 mm, L1 in the figure). At the focal
point, a 2 mm PPKTP crystal (C) is placed. The temperature of the crystal
is controlled by a temperature controller, which uses a PID loop to control
the crystal temperature with an observed accuracy of around 5 mK. After
passing another lens (again with f = 150 mm, L2), the beam is split by a
beam splitter (BS). The down-converted photons in both beams are col-
lected by a combination of a positive lens with focal length 11 mm and a
multimode fiber with diameter 50 µm, which is controlled by two motion
controllers to select the spatial mode. The measured photons and their
coincidences are measured by a photon counter (&).
Besides these, there are several filters in place. Before the crystal, we
have placed a filter RB to block the remaining 826 nm light that has passed
though the frequency doubler, so only the 413 nm light remains. After
the crystal, a combination of a long pass filter LP (≥720 nm) and an anti-
reflection coated gallium phosphide wafer GaP blocks the 413 nm light, so
only the down converted light remains. After the second lens, where the
beam is collinear again, we have placed a band pass filter BP to select the
photons between 825.4 and 827.4 nm.
The laser beam we use in this experiment has a waist of 1.0 ± 0.1 mm
before passing through the first lens. At the crystal, the beam waist is
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Figure 3.1: The set-up for our experiments. The incoming light is focused by
lens L1 on the crystal C, whose temperature is controlled by temperature
controller TC. The light then passes through another lens L2, and is then split by
a beam splitter BS. The resulting beams are focused on collecting multimode
fiber by lenses L3A and L3B placed after apertures AA and AB. These are
mounted on motion controllers, to select the spatial mode in which the light is
collected. The photons are detected by photon detectors DA and DB, which are
linked to an AND-gate. A delay line DL is used to ensure that the signals from
both detectors arrive at the same time. Various filters (RB, LP, GaP, BP) control
which photons are collected by multimode fibers, see text.
14
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equal to 0.1 ± 0.03 mm.
The alignment of the set-up requires some diligence and patience, and
in the course of the experiments we have developed an alignment protocol
get the various elements of the set-up in the right places. For the details of
this protocol, and also for further details on the exact specifications of the
set-up, see the bachelor thesis of Mila Schippers, with whom I collaborated
[3].
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Chapter4
Analysis
4.1 The model
We saw in chapter 2 that the theoretical far-field distribution is given by
I(qxy) ∝ sinc2
(
1
4
Lkpq2 + ϕ
)
. (4.1)
This formula is valid in the situation where the pump photons all have the
same well-defined wave vector kp. In our experiments, however, we work
with a pulsed laser, with a pulse duration of 2 ps. As a consequence, the
pump photons will not all have the same frequency. We assume that the
spectrum of the photons is normally distributed around kp with standard
deviation σ. To account for this spread in pump frequencies, we use the
expression [1, 4]
I(q) ∝
∫
Ω
dΩ exp
(
−1
2
(
Ω
σ
)2)
sinc2
(
1
4
Lkpq2 + ϕ(T) +
1
2
DΩL
)
, (4.2)
where L is the crystal length, kp is the pump photon wave number in the
crystal, D = (ng(ωp)− ng(ωs))/c is the crystal dispersion, σ is the spectral
width of the pump beam and ϕ(T) is the temperature-dependent phase
matching angle. Here ng(ωp) and ng(ωs) denote the group indices of the
crystal at the pump and signal frequencies, respectively. The additional
term 12 DΩL is due to the difference in dispersion at the different frequen-
cies in the pump, see [4]. In Fig. 2.3 we have visualised the effect of this
broadend pump frequency spectrum.
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Figure 4.1: Far-field distribution of the SPDC light at various values of the
temperature-dependent phase matching angle ϕ, as calculated using the exact
model in Eq. 4.2 and the approximation in Eq. 4.4. We can see that the
approximation is very good, for all values of ϕ.
To fit this distribution to the data, we simplified the above expression
by approximating the sinc function by a Gaussian:
sinc2(x) ≈ exp(−1
3
x2). (4.3)
18
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After applying this approximation, Eq. 4.2 reduces to
I(q) ∝ exp
(
−(Aq2 + B)2
)
(4.4)
where
A =
1
4
Lkp ·
√
2
6 + D2L2σ2
(4.5)
and
B = ϕ(T) ·
√
2
6 + D2L2σ2
. (4.6)
The details of the derivation are given in the appendix.
To visualize if the approximation of Eq. 4.4 coincides with the result of
Eq. 4.2, we plot the intensity distribution obtained from both models, for
various values of ϕ, using known values D = 1.5 ps/mm, L = 2.0 mm,
kp = 7.76 · 103 rad/mm and σ = 1.1 rad/ps (Fig. 4.1). As can be seen,
the model and the approximation agree very well, even for more extreme
values of ϕ.
4.2 Fitting the data
We have measured the distribution of the SPDC light with the set-up de-
scribed in chapter 3, at crystal temperatures ranging from 40◦ C up to 65◦
C, obtaining 82 full PDC rings. We have used a least square fit of the form
I(qx, qy) = C · exp
(
− (A((qx − X)2 + (qy −Y)2)+ B)2)+ D, (4.7)
where A and B are the same parameters as introduced previously. The
parameters C, D, X and Y are used additionally to fit the model to the data.
The parameter C corresponds to the fact that Eq. 4.4 only describes the
intensity up to a constant factor. Parameter D corresponds to background
light, while X and Y correct for the fact that the center of the distribution
and the center of the data may not coincide.
Figure 4.2 shows the data of measurements on the SPDC light at var-
ious temperatures, and the fits of the data. The left column shows that
observed far-field photon counts collected in the experiments, at temper-
atures between 45◦ C and 65◦ C. The plots in the middle column show the
theoretical distribution using the fit parameters obtained by fitting equa-
tion 4.7 to the data. The right column plots show the radially integrated
data. The band show the radial spread in the data, the blue line gives the
radial average of the data, and the green line shows the fit.
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As can been seen in the right column of the figure, the fit approximate
the data well around the peak corresponding to the ring itself, but less so
around the center and at the far edges. This might be a artifact of the fitting
procedure used, as the fitting was done on a per-pixel basis, and the center
and far edges correspond to only a relatively small portion of the pixels.
Also, we observe that the spread in measured count rates is rather signif-
icant, and can be as much as 20% for lower temperatures. This indicates
that there is a large uncertainty in the resulting fit parameters. Also, we
see that the last measurement suffers from stray light which contributes to
the photon count at the top of the scanning region. However, the radially
integrated plot at the right shows that even in this case the fitted intensity
matches the measured intensity very well, which suggests that the fitting
procedure performs good even when the data is not as good as it could be.
After fitting, we can calculate σ and ϕ by inverting equations 4.5 and
4.6 to obtain
ϕ =
1
16
kpL · BA (4.8)
and
σ =
√
1
2 L
2k2p − 24A2
2DLA
(4.9)
We have done this for the 82 SPDC rings we have measured. The results
are shown in Fig. 4.3.
From these results we find that σ varies around 1.1 rad/ps and that
ϕ(T) ≈ 0.4 ◦C−1 · (T − 56 ◦C). (4.10)
However, we see that the values of σ and ϕ vary much between different
measurements, which is due to the significant uncertainty in the fitting
parameters. To compare these results with literature values, we note that
Yorulmaz gives the following empirical temperature dependence for the
same crystal [1]:
ϕ(T) = ϕ(Tr) +
1
2
kpL
(
α(T − Tr) + β(T − Tr)2
)
, (4.11)
where Tr = 25◦C, ϕ(Tr) = −5.0± 0.5 rad, α = (26.1± 0.04)× 10−6rad ◦C−1
and β = (8.2± 0.3)× 10−8rad ◦C−2. This is roughly equivalent to
ϕ(T) ≈ 0.23 rad ◦C−1 · (T − 48.0◦C), (4.12)
and therefore differs from our results.
20
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Figure 4.2: False color plots of the far-field distribution of the SPDC light. The
left column plots show the observed count rates as a function of the
perpendicular angular momenta qx and qy. The middle column plots show the
corresponding best fits. The right column plots show the radial averages and
spread of the data in the left column, as well as the radial distribution of the fit in
the middle column.
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Figure 4.3: Aggregate data over 82 experiments.
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Chapter5
Spatial correlations
As remarked in chapter 2, when a pair of photons is produced in the crys-
tal, the signal and the idler have opposite momenta. In our set-up (Fig.
3.1), this pair of photons will in half the cases be seperated by the beam
splitter, and in such a case both photons can be detected, causing a detec-
tion event in both detectors in our set-up at the same time.
An event which causes both detectors to respond is called a coincidence.
These coincidences, which we measure using a combination of a delay
line and an AND-gate, do not always correspond to photons originating
from the same photon pair. Occassionally, multiple independent down-
converted pairs are created in the same pulse and trigger the detectors at
the same time. These coincidences are known as accidental coincidences.
In one of the experiments we have performed, we have used the mo-
tion controllers to move both photon collectors horizontally, independently
from each other. We used the AND-gate to record when both detectors de-
tect a photon at the same time. Since the momenta of the created photon
pairs are anti-correlated, we expect that the coincidences will occur mainly
on the diagonal.∗ A plot of the data obtained in one of these experiments is
shown in Fig. 5.1. The main diagonal shows the expected anti-correlation
between photon pair momenta. The accidental coicidences form the main
contribution to the off-diagonal coincidence counts.
We want to subtract the contribution of accidental coincidences from
Fig. 5.1. One way to do this is to try to measure this contribution by setting
the delay line in our experiment to 12.5 ns, the interval between pulses.In
that way every measured occurence of a coincidence is accidental. How-
ever, the results obtained this way have a very low signal-to-noise ratio,
∗One might expect the coincidences to occur on the anti-diagonal instead of the diag-
onal, but one of the images is mirrored by the beam splitter.
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and therefore can not be used directly to substract the accidental contribu-
tion.
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Figure 5.1: False color plots of the coincidence rates measured by placing the
detectors at horizontal positions q1 and q2 respectively, at temperature
T = 54◦C (ϕ = −1.4 rad). The bright diagonal is due to photon pairs with
anticorrelated momenta (note that one of the photon momenta is mirrored while
passing the beam splitter). The rest of the measured coincidences is mainly due to
accidental coincidences, see text.
However, the contribution of the accidental coincidences can also be
calculated up to a constant directly from the formula in 4.2, namely
Rac(q1, q2) ∝ I(q1) · I(q2), (5.1)
where Rac(q1, q2) denotes the detection rate caused by accidental coinci-
dences when detector 1 collects photons at mode q1 and detector 2 collects
photons at mode q2. (The contribution of the photon pair coincidences is
harder to express numerically, as it depends on more factors.) Using this
expression together with Eq. 4.4 we can correct the measurements in Fig.
5.1. The result is shown in Fig. 5.2.
As we can see, the false-color log plot in Fig. 5.2 shows not only coin-
cidences on the main diagonal (corresponding to photon pairs), but also
on the anti-diagonal. The coincidences here are thought to correspond to
higher photon tuples, which are predicted by a more detailed treatment of
parametric down-conversion (see [5]).
As we can see in the plots, on the main diagonal the coincidences form
a band. The length of this band is equal to the width of the SPDC ring
at the same temperature, and therefore depends on the temperature. The
width of the band, which can be seen in Fig. 5.2 to be around 7± 1 mrad, is
related to the angular width of the pump laser at the focus. Since the waist
24
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Figure 5.2: False color plots of the corrected coincidence rates, obtained from the
data shown in Fig. 5.1 by removing the predicted contribution of the accidental
coincidences. The diagonal corresponds to photon pairs, while the anti-diagonal
coincidences are associated with higher photon tuples.
of the pump laser before the first lens is 1.0 mm, and the focal lenght of
the lens is 150 mm, this angular width is equal to 1.0/150 = 6.7 · 10−3 rad,
which is remarkably close to the width of the band in Fig. 5.2. One way
to test this relationship would be to place an aperture before the first lens
to decrease the beam waist, and test whether the width of the coincidence
band decreases as well.
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Chapter6
Conclusion
In this thesis, we have investigated the SPDC light produced in the SPDC
process in a 2 mm length PPKTP crystal. We have seen that the formula
I(q) ∝ exp
(
−(Aq2 + B)2
)
(6.1)
with A = 14 Lkp ·
√
2
6+D2L2σ2 and B = ϕ(T) ·
√
2
6+D2L2σ2 is a good approxi-
mation to the theoretical far-field distribution of the SPDC light in case of
a pulsed pump laser whose spectral distribution is Gaussian with mean kp
and standard deviation σ, which is given up to a constant by the equation
I(q) ∝
∫
Ω
dΩ exp
(
−1
2
(
Ω
σ
)2)
sinc2
(
1
4
Lkpq2 + ϕ(T) +
1
2
DΩL
)
. (6.2)
The approximation has a form which allows for easier comparison with
data.
We have also seen that this theoretical description of the intensity of
the light corresponds well with the experimental data gathered by ex-
periment, and we have used this description to find the dependence of
the phase matching angle ϕ on the temperature of the crystal, namely
ϕ(T) ≈ 0.4 ◦C−1 · (T − 56 ◦C). We have also seen that the uncertainty in
these numbers is large, and that they differ from the results of Yorulmaz
in [1].
In the last chapter, we have looked at spatial correlations between pho-
tons simultaneously produced by the SPDC process. We found that the
anti-correlation between momenta of the signal and idler photons can be
measured empirically. Also, after removing the contribution of accidental
coincidences, we found evidence for the presence of higher photon tuples.
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AppendixA
Approximation of the intensity
As remarked in chapter 4, the far-field intensity of the down-converted
SPDC light is given by
I(q) ∝
∫
Ω
dΩ exp
(
−1
2
(
Ω
σ
)2)
sinc2
(
1
4
Lkpq2 + ϕ(T) +
1
2
DΩL
)
,
(A.1)
where L is the crystal length, kp is the pump photon wave number, D is
the crystal dispersion, σ is the spectral width of the pump beam and ϕ(T)
is the temperature-dependent phase matching angle.
We want to simplify this expression in order to fit it to the data. The
integral can currently not be evaluated, so we will approximate the sinc-
squared factor in the integrand by a gaussian function.
As we know, the sinc function has the following Taylor series around
zero:
sinc(x) =
sin x
x
= 1− 1
6
x2 +
1
120
x4 − . . .
Squaring this gets us
sinc2(x) = 1− 1
3
x2 +
2
45
x4 − . . .
On the other hand, we have
exp(−ax2) = 1− ax2 + 1
2
a2x4 − . . .
Comparing the last two, we conclude that around zero, we have the ap-
proximation
sinc2(x) ≈ exp(−x
2
3
),
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and the error in this approximation close to zero is approximately equal to
1
90 x
4.
Using this approximation, we can rewrite A.1 as follows∗:
Iapprox(q) ∝
∫
Ω
dΩ exp
(
−1
2
(
Ω
σ
)2)
exp
(
−1
3
(
1
4
Lkpq2 + ϕ(T) +
1
2
DΩL
)2)
=
∫
Ω
dΩ exp
(
− ( 1
2σ2
+
1
12
D2L2)Ω2 − 1
3
DL(
1
4
Lkpq2 + ϕ)Ω
− 1
3
(
1
4
LKpq2 + ϕ)2
)
=
∫
Ω
dΩ exp(−(aΩ2 + bΩ+ c)),
where a = 12σ2 +
1
12 D
2L2, b = 13 DL(
1
4 Lkpq
2 + ϕ) and c = 13(
1
4 Lkpq
2 + ϕ)2.
Continuing, we get
Iapprox(q) ∝
∫
Ω
dΩ exp(−(aΩ2 + bΩ+ c))
=
∫
Ω
dΩ exp(−a(Ω+ b
2a
)2 +
b2
4a
− c)
= exp(
b2
4a
− c)
∫
Ω
dΩ exp(−a(Ω+ b
2a
)2)
= exp
(
b2 − 4ac
4a
)
·
√
pi
a
Plugging the values for a, b and c back in and absorbing the
√
pi/a in
∗We should note that what we do here looks mathematically speaking a bit shady:
we use an approximation that is only valid around zero to simplify an integral where
the integration variable runs from −∞ to +∞. To justify this approach, we note that the
sinc function we are approximating is multiplied by a doubly exponentially decreasing
function, so the main contribution to the integral comes from around Ω = 0. As long as
the terms ϕ and LKpq2/4 are not too large compared to σ, this means that the shape of
the sinc and the Gaussian will be comparable in the region where the integrand is large
enough to contribute significantly to the integral and the approximation will be good.
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the proportionality factor (note that a does not depend on q), we get
Iapprox(q) ∝ exp
(
(13 DL(
1
4 Lkpq
2 + ϕ))2 − 4( 12σ2 + 112 D2L2)13(14 Lkpq2 + ϕ)2
4( 12σ2 +
1
12 D
2L2)
)
= exp
(
D2L2σ2 − 6− D2L2σ2
6 + D2L2σ2
·
(
1
4
Lkpq2 + ϕ
)2)
= exp
(
− 2
6 + D2L2σ2
(
1
4
Lkpq2 + ϕ)2
)
= exp
−(1
4
Lkp
√
2
6 + D2L2σ2
· q2 + ϕ
√
2
6 + D2L2σ2
)2
= exp(−(Aq2 + B)2),
with A = 14 Lkp
√
2
6+D2L2σ2 and B = ϕ
√
2
6+D2L2σ2 .
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